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Developed over past 3 decades, focused on 
black holes/neutron stars simulations.

Black hole inspiral merger breakthrough 2005 
(Pretorius).

Basics well understood : well-posedness/stability, 
interpretation of results (GW extraction)

Numerical Relativity in 2020

Active research into modeling astrophysics 
(LISA/LVO driven) : MHD, extreme mass-ratio 
mergers, accretion disks etc. 



Testing fundamental physics 
with NR

Exotic Compact Objects (ECOs)
Cosmic Strings 

Cosmological systems (e.g. inflation, 
preheating etc)
Black holes and cosmological condensates

Your favourite win-the-Nobel theory.

Increasing use of NR to test fundamental 
physics beyond BH and NS.
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A NR paper checklist

1. How well are constraint equations satisfied?

You are reading a paper on NR, what should you look 
out for?

3. Are the initial conditions under control?

2. Have they checked for convergence?



Einstein Equation

Numerical Relativity 

Gµ⌫ = 8⇡GTµ⌫
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Gravity Sector

Numerical Relativity 

4.4.1 The Robertson-Walker metric

At the largest scales – around 10 Megaparsecs (Mpc, or 106 parsecs) and above, the Universe is to a

good approximation spatially homogenous. Loosely speaking, homogeneity means that, an observer

transported across space to another point that is about 10 Mpc or further away, she would find that her

surroundings looks about “the same” – the same distribution of galaxies around her, the same kind of

stars, and possibly even the same kind of cats. The Universe is also spatially isotropic – it “looks”

more or less the same in every direction for at least one observer in her local inertial frame3. Put another

way, isotropy means that there is no special direction at that point. A Universe which is isotropic at all

points is automatically also homogenous, but the converse is not true – think of a homogenous pattern

of stripes.

Our task is now to construct a metric which would describe such a Universe. Obviously, the Universe is

neither homogenous nor isotropic in time – the Universe looks very di↵erent in the past and in the future.

It makes sense then to “chop” the spacetime manifold into non-overlapping hyperslicings ⌃t of space,

with each hyperslice labeled by some “time” coordinate t (see Figure 4.2). Such a “chopping” is called

a foliation. We also foliate the spacetime such that the vectors that are tangent to the hypersurface is

spacelike while timelike vectors are oriented “forward” in time – this is represented by the light cone (see

Figure 2.11).

Figure 4.2: A foliation of the manifold M into spatial hyperslicings ⌃t labeled by a time coordinate t.

Figure stolen from Gourgoulhon’s 3+1 Formalism in General Relativity.

In the language of section 3.4, each hypersurface ⌃t is a 3D submanifold of the spacetime. In general,

we can foliate the spacetime any way we like, but since we are trying to describe cosmology, we want

to foliate it in a clever way. As we said, at any time t the Universe looks homogenous and isotropic,

but the Universe is also expanding as time passes – galaxies move away from each other equally, or

“space stretches”. So we can foliate the spacetime such that the hyperslicings that are homogenous and

isotropic but its overall “scale” changes with time. If �ij is the metric (sometimes called the 3-metric)

for a homogenous and isotropic space then we can write the spacetime metric as

gµ⌫dxµdx⌫ = �dt2 + a2(t)�ijdxidxj (4.42)

where a(t) is called the scale factor and is a measure of how much space has expanded (or even

contracted). Then a2(t)�ij is the metric of each ⌃t at any time t – note that �ij is not a function

3Obviously, we can have two observers at the same point, and one is moving at some non-zero velocity with respect to

the other. If the Universe is isotropic with respect to the observer at rest, then it would not be isotropic with respect to

the moving observer.
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Appendix A: Numerical Methodology

1. Evolution Equations

In this work, we use GRChombo, a multipurpose nu-
merical relavity code [24] which solves the BSSN [25–27]
formulation of the Einstein equation. The 4 dimensional
spacetime metric is decomposed into a spatial metric on
a 3 dimensional spatial hypersurface, �ij , and an extrin-
sic curvature Kij , which are both evolved along a chosen
local time coordinate t. The line element of the decom-
position is
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dt) , (A1)

where ↵ and �
i are the lapse and shift, gauge param-

eters. These gauge parameters are specified on the ini-
tial hypersurface and then allowed to evolve using gauge-
driver equations, in accordance with the puncture gauge
[28, 29], for which the evolution equations are
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The extrinsic curvature is decomposed into its trace, K =
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Kij , and its traceless part �̃

ij
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The conformal connections are �̃i = �̃
jk �̃i

jk
where �̃i

jk

are the Christo↵el symbols associated with the conformal
metric �̃ij . The evolution equations for the gravity sector

FIG. 4. Gauss constraint for static string: We run the
same simulation for am infinite static string with Gµ = 1.6⇥
10�2 (⌘ = 0.05MPl) with and without damping. We find that
the damping stabilises the linear growth in violation.

of BSSN are then
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Meanwhile, the matter part of the Lagrangian is

Lm = �(Dµ�)⇤(Dµ
�) � 1

4
Fµ⌫F

µ⌫ � V (�) , (A12)

which gives the evolution equations

� DµD
µ
� +

@V (�)

@�̄
= 0 , (A13)

rµF
µ⌫ = �eJ

⌫
, (A14)

3-metric

Kij = L⌘�ij ⇠ �̇ijExtrinsic Curvature Expansion
(Hubble parameter in FRW)

Numerical Relativity 

K = TrKij
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@tÃij = � [�DiDj↵ + ↵ (Rij � 8⇡ ↵Sij)]
TF
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Numerical Relativity 

K = TrKij
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At the largest scales – around 10 Megaparsecs (Mpc, or 106 parsecs) and above, the Universe is to a
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transported across space to another point that is about 10 Mpc or further away, she would find that her

surroundings looks about “the same” – the same distribution of galaxies around her, the same kind of
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with each hyperslice labeled by some “time” coordinate t (see Figure 4.2). Such a “chopping” is called

a foliation. We also foliate the spacetime such that the vectors that are tangent to the hypersurface is
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In the language of section 3.4, each hypersurface ⌃t is a 3D submanifold of the spacetime. In general,

we can foliate the spacetime any way we like, but since we are trying to describe cosmology, we want

to foliate it in a clever way. As we said, at any time t the Universe looks homogenous and isotropic,

but the Universe is also expanding as time passes – galaxies move away from each other equally, or

“space stretches”. So we can foliate the spacetime such that the hyperslicings that are homogenous and

isotropic but its overall “scale” changes with time. If �ij is the metric (sometimes called the 3-metric)

for a homogenous and isotropic space then we can write the spacetime metric as

gµ⌫dxµdx⌫ = �dt2 + a2(t)�ijdxidxj (4.42)

where a(t) is called the scale factor and is a measure of how much space has expanded (or even

contracted). Then a2(t)�ij is the metric of each ⌃t at any time t – note that �ij is not a function

3Obviously, we can have two observers at the same point, and one is moving at some non-zero velocity with respect to

the other. If the Universe is isotropic with respect to the observer at rest, then it would not be isotropic with respect to
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Numerical Relativity 
Matter Sector : Usual Stuff

Black holes 

“Fluid matter” (e.g. Neutron Stars)

Tµ⌫ = 0
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Tµ⌫ = [⇢, p,⇡µ⌫ , . . . ]
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Matter Sector : Usual Stuff
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Matter Sector : Fundamental Fields

Scalar Fields Tµ⌫ = @µ�@µ�� gµ⌫
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Abelian-Higgs

Many others (Proca fields, multi-fields etc.)

6

FIG. 5. L2 norm of constraints: Loop with Gµ =
1.6⇥ 10�2 and R = 100 M�1

Pl remains stable throughout evo-
lution, even after black hole formation. The initial Hamilto-
nian constraint is smaller than it can be maintained by the
evolution scheme. The momentum constraints violation are
negligible throughout.

In addition, eq. A14 gives the Gauss constraint

r̃iE
i = eJ , (A23)

where r̃ = P
⌫

µ
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To ensure that numerical violation of eq. A23 is kept
to a minimum, we stabilise it by introducing an auxiliary
damping variable Z [35–37], resulting in the following
modified evolution equations
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From fig. 4 we see the scheme is e↵ective at stopping the
growth of constraint violations.

Finally, we decompose the complex scalar field
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and rewriting the matter equation with BSSN variables,
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(A34)

where a 2 {1, 2} and the second order Klein Gordon
equation has been decomposed into two first order equa-
tions as usual. The stress energy tensor for Abelian Higgs
is

Tµ⌫ = D(µ�
⇤
D⌫)� + Fµ↵F

↵
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+ gµ⌫Lm, (A35)

and its various components are defined as

⇢ = na nb T
ab

, Si = ��ia nb T
ab

,

Sij = �ia �jb T
ab

, S = �
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Sij . (A36)

The Hamiltonian constraint

H = R + K
2 � KijK

ij � 16⇡⇢ , (A37)

the momentum constraint

Mi = D
j(�ijK � Kij) � 8⇡Si , (A38)

and the Gauss constraint

Z = r̃iE
i + eJ ⌫

n⌫ , (A39)

are monitored throughout the evolution to check the
quality of our simulations (see fig. 5). Our boundary
conditions are Dirichlet.

2. Initial Data

We set up the field as mentioned in the main text us-
ing toroidal coordinates (see fig. 7). Time symmetry is
assumed for our initial data,

K = 0 , Aij = 0 , (A40)
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Appendix A: Numerical Methodology

1. Evolution Equations

In this work, we use GRChombo, a multipurpose nu-
merical relavity code [24] which solves the BSSN [25–27]
formulation of the Einstein equation. The 4 dimensional
spacetime metric is decomposed into a spatial metric on
a 3 dimensional spatial hypersurface, �ij , and an extrin-
sic curvature Kij , which are both evolved along a chosen
local time coordinate t. The line element of the decom-
position is

ds
2 = �↵

2
dt

2 + �ij(dx
i + �

i
dt)(dxj + �

j
dt) , (A1)

where ↵ and �
i are the lapse and shift, gauge param-

eters. These gauge parameters are specified on the ini-
tial hypersurface and then allowed to evolve using gauge-
driver equations, in accordance with the puncture gauge
[28, 29], for which the evolution equations are

@t↵ = �µ↵K + �
i
@i↵ , (A2)

@t�
i = B

i
, (A3)

@tB
i =

3

4
@t�

i � ⌘B
i
, (A4)

where the constants ⌘ and µ are of order 1/MADM and
unity respectively.

The induced metric is decomposed as

�ij =
1

�
�̃ij , det �̃ij = 1 , � = (det �ij)

� 1
3 . (A5)

The extrinsic curvature is decomposed into its trace, K =
�
ij
Kij , and its traceless part �̃

ij
Ãij = 0 as

Kij =
1

�

✓
Ãij +

1

3
K �̃ij

◆
. (A6)

The conformal connections are �̃i = �̃
jk �̃i

jk
where �̃i

jk

are the Christo↵el symbols associated with the conformal
metric �̃ij . The evolution equations for the gravity sector

FIG. 4. Gauss constraint for static string: We run the
same simulation for am infinite static string with Gµ = 1.6⇥
10�2 (⌘ = 0.05MPl) with and without damping. We find that
the damping stabilises the linear growth in violation.

of BSSN are then
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2

3
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3
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k + �
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@k� , (A7)
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ÃijÃ
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TF
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Meanwhile, the matter part of the Lagrangian is

Lm = �(Dµ�)⇤(Dµ
�) � 1

4
Fµ⌫F

µ⌫ � V (�) , (A12)

which gives the evolution equations

� DµD
µ
� +

@V (�)

@�̄
= 0 , (A13)

rµF
µ⌫ = �eJ

⌫
, (A14)
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+ Ãik @j�
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[33, 34], for which the evolution equations are
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@j↵ + �

k
@k�̃

i

+ �̃
jk
@j@k�

i +
1

3
�̃
ij
@j@k�

k

+
2

3
�̃i

@k�
k � �̃k

@k�
i � 16⇡ ↵ �̃

ij
Sj . (A11)

Meanwhile, the matter part of the Lagrangian is

Lm = �(Dµ�)⇤(Dµ
�) � 1

4
Fµ⌫F

µ⌫ � V (�) , (A12)

which gives the evolution equations

� DµD
µ
� +

@V (�)

@�̄
= 0 , (A13)

rµF
µ⌫ = �eJ

⌫
, (A14)

FIG. 4. Gauss constraint for static string: We run the
same simulation for am infinite static string with Gµ = 1.6⇥
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with

J
⌫ = 2Im(�⇤

D
⌫
�) , Fµ⌫ = @µA⌫ � @⌫Aµ . (A15)

We decompose these equations in 3+1 coordinates, fol-
lowing [35]. Furthermore, we impose the Lorenz condi-
tion

rµ
Aµ = 0 . (A16)

Using the projector

P
⌫

µ
= �

⌫

µ
+ nµn

⌫
, (A17)

where n
µ is the normal to the hypersurface, the gauge

field and current can further be decomposed into traverse
and longitudinal components via

Aµ = Aµ + nµA ,

Jµ = Jµ + nµJ ,
(A18)

such that

Aµ = P
⌫

µ
A⌫ and A = �n

⌫
A⌫ ,

Jµ = P
⌫

µ
J⌫ and J = �n

⌫
J⌫ .

(A19)

The electric and magnetic fields are defined as

Eµ = P
⌫

µ
n
⇢
F⌫⇢ , (A20)

Bµ = P
⌫

µ
n
⇢(?F⌫⇢) , (A21)

where (?F⌫⇢) is the dual Maxwell tensor. Using the pre-
vious decomposition we rewrite the Maxwell tensor as

Fµ⌫ = nµE⌫ � n⌫Eµ + @µA⌫ � @µA⌫ . (A22)
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FIG. 6. Initial relative violation: Slice through initial data
for loop from center through string with Gµ = 1.6⇥10�2 and
initial radius R = 100 M�1

Pl . The green region indicates where
the string is located. We find that there is an error of at most
0.3%.

is

Tµ⌫ = D(µ�
⇤
D⌫)� + Fµ↵F

↵

⌫
+ gµ⌫Lm, (A35)

and its various components are defined as

⇢ = na nb T
ab

, Si = ��ia nb T
ab

,

Sij = �ia �jb T
ab

, S = �
ij
Sij . (A36)

The Hamiltonian constraint

H = R + K
2 � KijK

ij � 16⇡⇢ , (A37)

the momentum constraint

Mi = D
j(�ijK � Kij) � 8⇡Si , (A38)

and the Gauss constraint

Z = r̃iE
i � eJ ⌫

n⌫ , (A39)

are monitored throughout the evolution to check the
quality of our simulations (see fig. 5). Our boundary
conditions are Dirichlet.

2. Initial Data

We set up the field as mentioned in the main text us-
ing toroidal coordinates (see fig. 7). Time symmetry is
assumed for our initial data,

K = 0 , Aij = 0 , (A40)

which automatically fulfils the momentum contraint (eq.
A38). In addition, we make a conformally flat ansatz �̃ij ,

�̃ij = �ij , (A41)

FIG. 7. Toroidal coordinates encode the symmetry of our
cosmic string loops. They are used to generate the initial field
configuration, where R defines the radius of the loop.

FIG. 8. Convergence in r 4 between low, mid and high
resolutions giving an overall 2nd-3rd order convergence. The
x-axis tret = t � rext is the retarded time where rext is the
extraction radius.

and impose the metric to be identity in the center of the
string, similar as the static string (see eq. B5), i.e.

�(r = 0) = 1 . (A42)

We find that doing so reduces possible excitations of the
string. To solve for � using the Hamiltonian constraint
eq. A37, we first solve the constraint equation. We re-
duce the spatial dimension of the problem by using its
cylindrical symmetry. This solution is then further re-
laxed to obtain the final solution, which is that of an
excited cosmic string loop.

As shown in fig. 6, the relative Hamiltonian violation
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Exotic Compact Objects : 

self-gravitating coherent fundamental fields

Oscillatons : ECOs made out of real scalar field.

High Compactness = lots of GW in collisions



GW from ECO collisions
Road to Nobel Prize : construct GW templates from 
ECO collisions, and hunt for those in LVO/LISA.
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FIG. 4. ADM mass (top), angular momentum Jz (middle)
and Noether charge (bottom) as a function on time for the
di↵erent binaries. During the coalescence the less compact
cases (i.e., C = 0.06 and C = 0.12) lose only a small percent-
age of their initial mass and Noether charge, but almost all
their angular momentum. The case C = 0.18 as discussed is
suspect. The most compact case C = 0.22 case collapses to a
BH after the merger, so the mass and angular momentum do
not change significantly.

some point during this transition the frequency and the
radius might be large enough so that some of the scalar
field might move with a speed larger than the escape ve-
locity vesc =

p
2C of the star. If this occurs, then it

is conceivable that some amount of scalar field may be
ejected from the remnant at such a speed.

B. GW signal

The merging binaries produce GWs measured by the
Newman-Penrose  4 scalar, as displayed in Fig. 5. In
Fig. 6 we also show the corresponding strain. Notice
that the amplitude and the time scale of the strain has
been rescaled with the total initial mass, and the time
has been shifted such that the contact time occurs at
t = 0.

With these waveforms, we can look for the e↵ect of
compactness on the gravitational wave signal. Starting
with the least compact case (C = 0.06), it radiates the
least in the inspiral. The weakness of its inspiral signal re-
sults because its stellar constituents have the largest radii
and thus they make contact at the smallest frequency of
these four cases. As the compactness increases, the late
inspiral occurs at higher frequencies and the signal be-
comes stronger.

Once the stars make contact, both scalar field inter-
actions and gravitational forces determine the dynamics
and tend to homogenize the scalar field profile. This
period is very dynamical producing a rapidly rotating
compact remnant that radiates strongly in gravitational

FIG. 5. (Top panel) The real part of the main l = m = 2
mode of the  4 describing the gravitational emission of the
di↵erent binaries, as a function of time. (Bottom panel) The
energy radiated by the main gravitational wave modes m =
±2.

radiation with an amplitude and frequency much larger
than the inspiral. This contrast between the pre- and
post-merger signals is particularly marked for the two low
compactness binaries, but becomes less so with increas-
ing compactness. This trend indicates that this contrast
likely results from the disparity between the initial com-
pactness of the boson stars and the compactness of the
remnant (see Table II). Notice also that the strain ampli-
tude (Fig. 6) does not show such disparate scales as the
Newman-Penrose  4 scalar (Fig. 5) due to the additional
frequency dependence (see Eq. 23).
A simple estimate of the maximum amount of total

energy the system can radiate follows from a model of
energy balance presented in [41], and discussed in detail
in Appendix A. Within some approximations, when the
final object is a non-rotating BS, and the total radiated
energy in GWs is estimated to be

Erad ⇡ 0.96CM , (25)

where M and C are the mass of the system and com-
pactness of the initial stars respectively. This estimate is
largely consistent (i.e., within a factor of two) with the
results of our simulations, given in Table II, obtained by
integrating the gravitational wave luminosity displayed
in the bottom panel of Fig. 5. Notice the energy emit-
ted in gravitational waves for the case with C = 0.12
exceeds the ' 5% of the total mass M0 emitted during
the analogous coalescence of a binary BH system; thus,
boson star binaries in a suitable range can be considered
super-emitters in the terminology of [41].
The most compact cases considered here are also inter-

esting in the context of the recent observations of GWs
by the LIGO detectors. A simple Newtonian calculation
shows that the GW frequency at the contact of the two

 GW from inspiral merger of ECOs 
(Palenzuela 2017)
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FIG. 14. GW metric multipoles for the three example cases
of Fig. 9. Results for resolution R3 are shown solid, corre-
sponding results for resolution R2 are dashed.

form BHs during the evolution the amount of GW energy
can grow up to 5 ⇥ 10�4. As an example we show the
case for NSAS0.20.

V. DISCUSSION

In this article we have presented what is, to the best
of our knowledge, the first study of axion star collisions
with black holes and neutron stars using full 3+1D nu-
merical relativity simulations. Such a study seems timely
in the gravitational wave astronomy era, in which multi-
ple detections of compact binaries are expected in coming
years [84].

With respect to our black hole-axion star merger sim-
ulations, we have investigated the impact of the axion
star’s compactness, and the BH spin, on the mass of the
remnant bosonic cloud surrounding the black hole. Al-
though in most of the considered cases ⇠ 98% of the
axion star’s mass is absorbed by the black hole shortly
after the merger, in favourable cases the remaining cloud
can be as large as 30% of the initial axion star mass,
with a bosonic cloud of mass of O(10�1)MBH and peak
energy density of 10�4, comparable to that obtained in
a superradiant build up. We find that the largest scalar
clouds are generated for low compactness ASs and spin-
ning black holes. We note that there appear to be par-
ticular combinations which are overall more e�cient at
producing large axion clouds. We speculate that this
might be caused by the excitation of particular quasi-
bound states of the black hole.

The presented results are important since they show
(i) that axion star-black holes mergers can provide a
dynamical mechanism for the formation of scalar hair
around black holes and (ii) that faster spinning (but not
yet extremal) black holes allow for relatively large cloud

masses. The spinning case is especially interesting as it
may provide the seed for a superradiant build up, which
could lead to additional observable gravitational wave
signatures post merger. However, superradiance requires
extremal spins and an appropriate matching of the axion
and BH masses, whereas the e↵ects we observe here are
in principle more general. It would be worth extending
this study to a larger range of mass ratios, spins and
spin orientations, to confirm the approximate trends
observed in this paper and identify whether the proposal
that particular mass ratios and spin combinations are
favourable for forming clouds is consistent with a wider
set of results. It would also be interesting to consider
the e↵ect of larger self interactions of the axion field,
other values of Mµ and, in the longer term, interactions
with baryonic matter in an accretion disc.

For our study of neutron star-axion star collisions, we
restricted our investigations to the merger of axion stars
of various compactnesses with a “typical” neutron star
having a gravitational mass of ⇠ 1.38M� and the SLy
equation of state. We found that for the setups studied,
there exists a critical mass threshold for the axion star
required to form a BH during the collision. In the con-
sidered cases, the black hole formation is triggered by the
axion star being perturbed within the potential well of
the neutron star. Its collapse leads to a black hole within
the neutron star, rather than collapse of the neutron star
itself.
For sub-threshold axion star masses the merger rem-

nant is a perturbed neutron star enveloped in an axion
cloud. For super-threshold axion star masses the final
remnant is a black hole with a scalar cloud surrounding
it. We suggest that the black hole formation threshold
may correspond to a type I critical phase transition, as in
binary neutron star mergers, and therefore universality
and scaling relations could exist near to the critical point.
We present a first (although very approximate) estimate
of the critical threshold parameter �⇤

c
, but further sim-

ulations are required for a more stringent constraints on
the critical parameters.
Interestingly, we found that in the marginally sub crit-

ical cases, a large amount of baryonic mass was released
from the merger remnant due to the formation of shocks
in the NS. These ejecta can give rise to a kilonova-like
counterpart, such as ATF201gfo, e.g. [85–90]. The poten-
tial new type of transient produced by such a near-critical
neutron star-axion star collision is discussed in more de-
tail in [45]. In cases where a black hole forms after the
merger, the ejection of matter as well as the formation of
a baryonic accretion disk or bosonic cloud is suppressed.
However, in the most extreme case the final black hole
remnant can be embedded in a bosonic cloud of mass
O(10�3)M�.
In future, we plan to perform further numerical sim-

ulations in which we add a direct interaction between
the axions and the neutron star fluid. Such couplings,
which are necessary to correctly model the QCD axion,

GW from head on merger of 
ECO and NS  

(Clough, Dietrich, Ossokine 2018)
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density ⇢

ECOs about 20% of Black Hole density.

GW Signal



Two things we want from 
Numerical Relativity

1) Accurate waveform templates for LVO search

2) “Numerical lab” to probe strong gravity physics

Both need precision in our simulations.

e.g. GW waveforms parameterized by mass.

e.g. How dense/compact can you make an ECO before they collapse?



A NR paper checklist

1. How well are constraint equations satisfied?

You are reading a paper on NR, what should you look 
out for?

3. Are the initial conditions under control?

2. Have they checked for convergence?
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FIG. 8. The plot shows the L2 norm (A3) of the Hamiltonian
constraint violation over time, with excision of the black-hole
interior (which forms around t = 700). The green region
shows the relaxation time, with data points extracted every
100th cycle. There is a jump after the relaxation, likely caused
by regridding during transition from relaxation to evolution,
but still extremely good overall.

ing �x = 2m
�1. We extract r 4 at a radius of 60m

�1

and we set a fixed resolution over the region containing
the extraction sphere. Depending on the scenario, we use
from five to six levels of refinement, which corresponds to
a smallest resolution of 0.0625m

�1 and 0.03125m
�1, re-

spectively. Since for all simulations the boxsize is 500m
�1

and our extraction sphere is positioned at radius 60m
�1

from the center, we choose the maximum run-time at
around 380m

�1 in order to prevent spurious reflections
at the boundary from contributing to the final results.

We use the following to measure the volume averaged
Hamiltonian constraint violation:

L
2(H) =

s
1

V

Z

V
|H2|dV , (A3)

where V is the box volume with the interior of the ap-
parent horizon excised. As can be seen in Fig. 8, we have
good control over the constraint violation throughout the
simulation.

We test the convergence of our simulations with the
collision of two oscillatons with �m,0(0) = 0.33 (C= 0.20).
We use a box of sidelength 256m

�1, and initial separation
of the oscillatons of 40m

�1. As we have turned on adap-
tive refinement, we use three di↵erent coarse resolutions
of 1m

�1, 2m
�1 and 4m

�1. This allows for 6 levels of
2 : 1 refinement each with corresponding finest possible
resolutions of 0.015625m

�1, 0.03125m
�1 and 0.0625m

�1.
We extract the l = 2, m = 0 mode of r 4 at distance
60m

�1 from the center. The results are shown in Fig. 9,
where we obtain between 2nd and 3rd order convergence
on average. While we have used a 4th order scheme, the
large amount of re-gridding required to track the collision

FIG. 9. Convergence test for the l = 2, m = 0 mode of r 4,
showing convergence between 2nd and 3rd order. The con-
vergence test is done with three di↵erent coarsest resolutions
of 4m�1, 2m�2 and 1m�1, 6 levels of 2 : 1 refinement, with
corresponding finest resolutions of 0.0625m�1, (0.0625/2)m�1

and (0.0625/4)m�1. Our evolution scheme is 4th order, and
the lowered accuracy is due to the large amount of re-gridding
required to track the motion of the oscillaton through to final
state.

results in some loss of accuracy which is not surprising.9

Lastly, we note that an estimate for the error bars in the
energy extraction (Fig. 1 ) is obtained by doubling the
resolution of the simulations described in the main text,
and computing the energy for this higher resolution case.
The di↵erence of the results at two di↵erent resolutions
gives us an estimate for the error.

Appendix B: Self-Interactions

In our study we have ignored possible self-interactions
of the scalar field �. Here we discuss the domain of va-
lidity of our results.

Let us first consider the case where our compact scalar
solitons are made of axionic dark matter. In this case, the
potential V (�) = m

2
f
2[1�cos �/f ] = m

2
�
2
/2���

4
/4!+

. . ., where � = m
2
/f

2. By comparing the self-interaction
and the gravitational interaction, the gravitational inter-
action dominates our solitons for �/f . C1/2 (where the
dimensionless compactness C = GM/R is of the order of
the typical gravitational potential associated with each
soliton).10 For our merger simulations, the maximum
value of the field is typically �max . 0.24 mPl (estimated
as twice the maximum field value at the center of indi-
vidual oscillatons). Hence, for f & mpl, we expect our

9
Using fixed grids, we have demonstrated 4th order convergence

of the code consistent with methods used [13, 15].
10

For non-axionic cases with an attractive self-interaction: � .
(m/

p
�)C1/2

.
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FIG. 10. Orbital binary collisions. L2-norm of phys-

ical (blue solid line), the conformal (redd solid line)

and the energy-momentum (green solid) constraints

as a function of time. With our choice of the damp-

ing parameters, all the constraints are perfectly under

control during all the simulation.

linearized system is well posed, provided that

�0 = 1. We have performed some standard nu-

merical tests to check the robustness of our im-

plementation, including the evolution of an iso-

lated solitonic boson star. Our numerical re-

sults –stable evolutions with small and bounded

constraints– confirm the analytical analysis.

Within this formulation we have studied bi-

nary solitonic boson stars systems with and

without angular momentum. All the binary sys-

tems considered were constituted by two equal-

mass solitonic boson stars. In the head-on cases

we allowed for non-identical boson stars with

di↵erent rotation and shift phase. Our simu-

lations show that the merger of a boson-boson

binary leads, in general, to another solitonic bo-

son stars. However, when the phase shift ap-

proaches ⇡, the scalar field interaction is repul-

sive and stronger than gravity, preventing the

merger of the two stars. The merger of a boson

star and an anti-boson star completely annihi-

lates each other for any of the phase shift consid-

ered. This behavior, combined with the results

described in [16, 17], allow us to hypothesize that

the generic behavior during the collision of a bo-

son and an antiboson star is the annihilation of

both, independently on the interaction potential

and the phase shift, producing large amounts of

unbound scalar field that is radiated to infinity.

In the scenario of orbital binaries, our stud-

ies with identical boson stars revealed that the

merger always lead to the formation of a rotating

bar which sheds quickly all its angular momen-

tum by emitting scalar field and gravitational

waves, to finally relax into a non-rotating boson

star. This inability to form a rotating boson star

from a merger might be due to the angular mo-

mentum quantization of the rotating solutions.

Of particular interest is the case with the highest

angular momentum considered, leading roughly

to a system in quasi-circular orbits. In this case,

soon after the merger, two blobs of scalar field,

carrying away small amount of Noether charge

but large fraction of angular momentum, were

expelled from the remnant almost at light speed.

Future studies will further study orbital bi-

nary systems by considering di↵erent masses and

analyzing the gravitational waves produced dur-

ing the coalescence.

Bezares et al (2017)

Helfer et al (2018)
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FIG. 8. The plot shows the L2 norm (A3) of the Hamiltonian
constraint violation over time, with excision of the black-hole
interior (which forms around t = 700). The green region
shows the relaxation time, with data points extracted every
100th cycle. There is a jump after the relaxation, likely caused
by regridding during transition from relaxation to evolution,
but still extremely good overall.

ing �x = 2m
�1. We extract r 4 at a radius of 60m

�1

and we set a fixed resolution over the region containing
the extraction sphere. Depending on the scenario, we use
from five to six levels of refinement, which corresponds to
a smallest resolution of 0.0625m

�1 and 0.03125m
�1, re-

spectively. Since for all simulations the boxsize is 500m
�1

and our extraction sphere is positioned at radius 60m
�1

from the center, we choose the maximum run-time at
around 380m

�1 in order to prevent spurious reflections
at the boundary from contributing to the final results.

We use the following to measure the volume averaged
Hamiltonian constraint violation:

L
2(H) =

s
1

V

Z

V
|H2|dV , (A3)

where V is the box volume with the interior of the ap-
parent horizon excised. As can be seen in Fig. 8, we have
good control over the constraint violation throughout the
simulation.

We test the convergence of our simulations with the
collision of two oscillatons with �m,0(0) = 0.33 (C= 0.20).
We use a box of sidelength 256m

�1, and initial separation
of the oscillatons of 40m

�1. As we have turned on adap-
tive refinement, we use three di↵erent coarse resolutions
of 1m

�1, 2m
�1 and 4m

�1. This allows for 6 levels of
2 : 1 refinement each with corresponding finest possible
resolutions of 0.015625m

�1, 0.03125m
�1 and 0.0625m

�1.
We extract the l = 2, m = 0 mode of r 4 at distance
60m

�1 from the center. The results are shown in Fig. 9,
where we obtain between 2nd and 3rd order convergence
on average. While we have used a 4th order scheme, the
large amount of re-gridding required to track the collision

FIG. 9. Convergence test for the l = 2, m = 0 mode of r 4,
showing convergence between 2nd and 3rd order. The con-
vergence test is done with three di↵erent coarsest resolutions
of 4m�1, 2m�2 and 1m�1, 6 levels of 2 : 1 refinement, with
corresponding finest resolutions of 0.0625m�1, (0.0625/2)m�1

and (0.0625/4)m�1. Our evolution scheme is 4th order, and
the lowered accuracy is due to the large amount of re-gridding
required to track the motion of the oscillaton through to final
state.

results in some loss of accuracy which is not surprising.9

Lastly, we note that an estimate for the error bars in the
energy extraction (Fig. 1 ) is obtained by doubling the
resolution of the simulations described in the main text,
and computing the energy for this higher resolution case.
The di↵erence of the results at two di↵erent resolutions
gives us an estimate for the error.

Appendix B: Self-Interactions

In our study we have ignored possible self-interactions
of the scalar field �. Here we discuss the domain of va-
lidity of our results.

Let us first consider the case where our compact scalar
solitons are made of axionic dark matter. In this case, the
potential V (�) = m

2
f
2[1�cos �/f ] = m

2
�
2
/2���

4
/4!+

. . ., where � = m
2
/f

2. By comparing the self-interaction
and the gravitational interaction, the gravitational inter-
action dominates our solitons for �/f . C1/2 (where the
dimensionless compactness C = GM/R is of the order of
the typical gravitational potential associated with each
soliton).10 For our merger simulations, the maximum
value of the field is typically �max . 0.24 mPl (estimated
as twice the maximum field value at the center of indi-
vidual oscillatons). Hence, for f & mpl, we expect our

9
Using fixed grids, we have demonstrated 4th order convergence

of the code consistent with methods used [13, 15].
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For non-axionic cases with an attractive self-interaction: � .
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p
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FIG. 10. Orbital binary collisions. L2-norm of phys-

ical (blue solid line), the conformal (redd solid line)

and the energy-momentum (green solid) constraints

as a function of time. With our choice of the damp-

ing parameters, all the constraints are perfectly under

control during all the simulation.

linearized system is well posed, provided that

�0 = 1. We have performed some standard nu-

merical tests to check the robustness of our im-

plementation, including the evolution of an iso-

lated solitonic boson star. Our numerical re-

sults –stable evolutions with small and bounded

constraints– confirm the analytical analysis.

Within this formulation we have studied bi-

nary solitonic boson stars systems with and

without angular momentum. All the binary sys-

tems considered were constituted by two equal-

mass solitonic boson stars. In the head-on cases

we allowed for non-identical boson stars with

di↵erent rotation and shift phase. Our simu-

lations show that the merger of a boson-boson

binary leads, in general, to another solitonic bo-

son stars. However, when the phase shift ap-

proaches ⇡, the scalar field interaction is repul-

sive and stronger than gravity, preventing the

merger of the two stars. The merger of a boson

star and an anti-boson star completely annihi-

lates each other for any of the phase shift consid-

ered. This behavior, combined with the results

described in [16, 17], allow us to hypothesize that

the generic behavior during the collision of a bo-

son and an antiboson star is the annihilation of

both, independently on the interaction potential

and the phase shift, producing large amounts of

unbound scalar field that is radiated to infinity.

In the scenario of orbital binaries, our stud-

ies with identical boson stars revealed that the

merger always lead to the formation of a rotating

bar which sheds quickly all its angular momen-

tum by emitting scalar field and gravitational

waves, to finally relax into a non-rotating boson

star. This inability to form a rotating boson star

from a merger might be due to the angular mo-

mentum quantization of the rotating solutions.

Of particular interest is the case with the highest

angular momentum considered, leading roughly

to a system in quasi-circular orbits. In this case,

soon after the merger, two blobs of scalar field,

carrying away small amount of Noether charge

but large fraction of angular momentum, were

expelled from the remnant almost at light speed.

Future studies will further study orbital bi-

nary systems by considering di↵erent masses and

analyzing the gravitational waves produced dur-

ing the coalescence.

Bezares et al (2017)

Helfer et al (2018)
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Convergence Tests
Question : How do you know your numerical 
simulations are not rubbish?
Answer : check results converge with increasing 
resolution.
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FIG. 8. The plot shows the L2 norm (A3) of the Hamiltonian
constraint violation over time, with excision of the black-hole
interior (which forms around t = 700). The green region
shows the relaxation time, with data points extracted every
100th cycle. There is a jump after the relaxation, likely caused
by regridding during transition from relaxation to evolution,
but still extremely good overall.

ing �x = 2m
�1. We extract r 4 at a radius of 60m

�1

and we set a fixed resolution over the region containing
the extraction sphere. Depending on the scenario, we use
from five to six levels of refinement, which corresponds to
a smallest resolution of 0.0625m

�1 and 0.03125m
�1, re-

spectively. Since for all simulations the boxsize is 500m
�1

and our extraction sphere is positioned at radius 60m
�1

from the center, we choose the maximum run-time at
around 380m

�1 in order to prevent spurious reflections
at the boundary from contributing to the final results.

We use the following to measure the volume averaged
Hamiltonian constraint violation:

L
2(H) =

s
1

V

Z

V
|H2|dV , (A3)

where V is the box volume with the interior of the ap-
parent horizon excised. As can be seen in Fig. 8, we have
good control over the constraint violation throughout the
simulation.

We test the convergence of our simulations with the
collision of two oscillatons with �m,0(0) = 0.33 (C= 0.20).
We use a box of sidelength 256m

�1, and initial separation
of the oscillatons of 40m

�1. As we have turned on adap-
tive refinement, we use three di↵erent coarse resolutions
of 1m

�1, 2m
�1 and 4m

�1. This allows for 6 levels of
2 : 1 refinement each with corresponding finest possible
resolutions of 0.015625m

�1, 0.03125m
�1 and 0.0625m

�1.
We extract the l = 2, m = 0 mode of r 4 at distance
60m

�1 from the center. The results are shown in Fig. 9,
where we obtain between 2nd and 3rd order convergence
on average. While we have used a 4th order scheme, the
large amount of re-gridding required to track the collision
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FIG. 9. Convergence test for the l = 2, m = 0 mode of r 4,
showing convergence between 2nd and 3rd order. The con-
vergence test is done with three di↵erent coarsest resolutions
of 4m�1, 2m�2 and 1m�1, 6 levels of 2 : 1 refinement, with
corresponding finest resolutions of 0.0625m�1, (0.0625/2)m�1

and (0.0625/4)m�1. Our evolution scheme is 4th order, and
the lowered accuracy is due to the large amount of re-gridding
required to track the motion of the oscillaton through to final
state.

results in some loss of accuracy which is not surprising.9

Lastly, we note that an estimate for the error bars in the
energy extraction (Fig. 1 ) is obtained by doubling the
resolution of the simulations described in the main text,
and computing the energy for this higher resolution case.
The di↵erence of the results at two di↵erent resolutions
gives us an estimate for the error.

Appendix B: Self-Interactions

In our study we have ignored possible self-interactions
of the scalar field �. Here we discuss the domain of va-
lidity of our results.

Let us first consider the case where our compact scalar
solitons are made of axionic dark matter. In this case, the
potential V (�) = m

2
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2. By comparing the self-interaction
and the gravitational interaction, the gravitational inter-
action dominates our solitons for �/f . C1/2 (where the
dimensionless compactness C = GM/R is of the order of
the typical gravitational potential associated with each
soliton).10 For our merger simulations, the maximum
value of the field is typically �max . 0.24 mPl (estimated
as twice the maximum field value at the center of indi-
vidual oscillatons). Hence, for f & mpl, we expect our

9
Using fixed grids, we have demonstrated 4th order convergence

of the code consistent with methods used [13, 15].
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FIG. 5. The energy in the Proca field for simulations
performed at three di↵erent resolutions, and the di↵erence
in this quantity with resolution, scaled assuming fourth-
order convergence for µ̃ = 0.4 (top) and µ̃ = 0.5 (bottom).

of the energy of the field are a few percent at the
lowest resolution, and are less than 1% for the high
resolution runs throughout the simulation run time.
We did not perform convergence studies for the two
lower µ cases, as the much slower growth rates make

such studies prohibitively expensive. However, based
on the convergence studies for the higher µ cases, we
suspect errors in the lower µ runs — which have larger
characteristic length scales — are still relatively small,
at a few percent at most. In the main text all results
are taken from the highest resolution data available.

Though we do not include the e↵ect of the pertur-
bation of the initial Proca field configuration on the
initial BH spacetime, we have verified that it so small
as to introduce negligible error. This is illustrated in

FIG. 6. The change in BH mass as a function of time
for µ̃ = 0.4 for two cases: one where the initial Proca field
configuration has E(t = 0)/M0 = 1.5 ⇥ 10�4, and one
where the initial Proca field energy is four times smaller,
but otherwise identical. A time shift has been applied so
that the two curves align when ��MBH/M0 = 0.01.

Fig. 6 where we show a comparison of the change in
BH mass as a function of time for a simulation where
we use an initial Proca field perturbation that is half
the amplitude of the standard case, for µ̃ = 0.4. After
applying a relative time shift (of ⇡ 3000 M0, consis-
tent with the test-field instability rate), the results
from the two cases are indistinguishable on the scale
of the figure.

Helfer et al (2018) East  + Pretorius (2017)
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Getting initial conditions is not hard, but getting initial 
conditions we can control is very difficult.

Initial Conditions



Need to control for 
(1) Compactness/Mass 
(2) Orbital AM 
(3) ECO state (excited/non-excited?)

Getting initial conditions is not hard, but getting initial 
conditions we can control is very difficult.

Satisfying constraints necessary but not sufficient!

Initial Conditions



Initial Conditions
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FIG. 6. Initial relative violation: Slice through initial data
for loop from center through string with Gµ = 1.6⇥10�2 and
initial radius R = 100 M�1

Pl . The green region indicates where
the string is located. We find that there is an error of at most
0.3%.

is

Tµ⌫ = D(µ�
⇤
D⌫)� + Fµ↵F

↵

⌫
+ gµ⌫Lm, (A35)

and its various components are defined as

⇢ = na nb T
ab

, Si = ��ia nb T
ab

,

Sij = �ia �jb T
ab

, S = �
ij
Sij . (A36)

The Hamiltonian constraint

H = R + K
2 � KijK

ij � 16⇡⇢ , (A37)

the momentum constraint

Mi = D
j(�ijK � Kij) � 8⇡Si , (A38)

and the Gauss constraint

Z = r̃iE
i � eJ ⌫

n⌫ , (A39)

are monitored throughout the evolution to check the
quality of our simulations (see fig. 5). Our boundary
conditions are Dirichlet.

2. Initial Data

We set up the field as mentioned in the main text us-
ing toroidal coordinates (see fig. 7). Time symmetry is
assumed for our initial data,

K = 0 , Aij = 0 , (A40)

which automatically fulfils the momentum contraint (eq.
A38). In addition, we make a conformally flat ansatz �̃ij ,

�̃ij = �ij , (A41)

FIG. 7. Toroidal coordinates encode the symmetry of our
cosmic string loops. They are used to generate the initial field
configuration, where R defines the radius of the loop.

FIG. 8. Convergence in r 4 between low, mid and high
resolutions giving an overall 2nd-3rd order convergence. The
x-axis tret = t � rext is the retarded time where rext is the
extraction radius.

and impose the metric to be identity in the center of the
string, similar as the static string (see eq. B5), i.e.

�(r = 0) = 1 . (A42)

We find that doing so reduces possible excitations of the
string. To solve for � using the Hamiltonian constraint
eq. A37, we first solve the constraint equation. We re-
duce the spatial dimension of the problem by using its
cylindrical symmetry. This solution is then further re-
laxed to obtain the final solution, which is that of an
excited cosmic string loop.

As shown in fig. 6, the relative Hamiltonian violation
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and impose the metric to be identity in the center of the
string, similar as the static string (see eq. B5), i.e.

�(r = 0) = 1 . (A42)

We find that doing so reduces possible excitations of the
string. To solve for � using the Hamiltonian constraint
eq. A37, we first solve the constraint equation. We re-
duce the spatial dimension of the problem by using its
cylindrical symmetry. This solution is then further re-
laxed to obtain the final solution, which is that of an
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�(r = 0) = 1 . (A42)

We find that doing so reduces possible excitations of the
string. To solve for � using the Hamiltonian constraint
eq. A37, we first solve the constraint equation. We re-
duce the spatial dimension of the problem by using its
cylindrical symmetry. This solution is then further re-
laxed to obtain the final solution, which is that of an
excited cosmic string loop.

As shown in fig. 6, the relative Hamiltonian violation

Hamiltonian

Momentum

Matter Sector

Initial conditions have to satisfy the constraint equations

1) Specify initial matter configuration

2) Solve constraints to obtain metric initial conditions 
(with some assumptions) 
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Initial Conditions



Satisfying Constraints 
not sufficient
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But which solution/trajectory did you end up with??
What is the initial mass? Initial velocities? 

Initial angular momentum? Initial state of ECO?

???
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But which solution/trajectory did you end up with??
What is the initial mass? Initial velocities? 

Initial angular momentum? Initial state of ECO?
If you do not know your I.C., your results are rubbish.

???



“Even linear superposition is hard in GR!!!” Thomas Helfer

A popular strategy : linear superposition of two 
independent solutions.

3-metric

�L �R

Distance d ⇡ O(60) m�1

Linear superposition ?

recent papers :  1705.01071, 1710.09432, 1808.10732, 1608.08637, 1807.06959 etc etc.

�ij,tot = �ij,L + �ij,R � �ij
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“Even linear superposition is hard in GR!!!” Thomas Helfer

A popular strategy : linear superposition of two 
independent solutions.
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Linear superposition ?
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Radial “breathing” mode due to 1% volume 
difference

Real scalar ECO (Oscillatons), linear superposition (Helfer, Lim, Amin, Garcia, 2018)

Linear superposition ?



profile

Radius

Central density

~ 10%

~ 100%

�R

�⇢c

⇢

Real scalar ECO (Oscillatons), linear superposition (Helfer, Lim, Amin, Garcia, 2018)

Linear superposition ?
Radial “breathing” mode due to 1% volume 

difference



Need better initial conditions
Initially static binaries (for head ons) we have a 

hacky solution, but general solutions not known.

Analogue problem : “imploding neutron stars”.

Fluid description vs Field description : 
stiff vs squishy.



Need better initial conditions
Initially static binaries (for head ons) we have a 

hacky solution, but general solutions not known.

Analogue problem : “imploding neutron stars”.

Until this is solved, I will be very skeptical of any 
results from  non-head-on ECO collisions.

Fluid description vs Field description : 
stiff vs squishy.



Summary
NR is being used increasingly to probe fundamental 
physics : big future ahead!

Even simplest systems (scalar fields ECO), controlled 
initial conditions is an unsolved problem.

When reading NR papers : check their (a) constraints 
(b) convergence (c) initial conditions



Thanks!


