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inflation, DM & gravity properties, DE, neutrino masses,…
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Connect the statistical properties of
the distribution of mass at large scales

to the physics of the constituents of the universe
(pNG, neutrino masses, DM/gravity properties, DE,…)

Equal time correlation functions are particularly important
⇢n(x, t) = ⇢̄n(t)(1 + �n(x, t))
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h�k(t)�k0(t)�k00(t)i = 2⇡2�(3)(k + k0 + k00)B(k, k0, t)
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Matter power spectrum (PS)

Anderson et al. 12

31

timation method in its entirety, but it should be equally
valid.

7.3. Comparison to other results

Figure 35 compares our results from Table 3 (modeling
approach) with other measurements from galaxy surveys,
but must be interpreted with care. The UZC points may
contain excess large-scale power due to selection function
effects (Padmanabhan et al. 2000; THX02), and the an-
gular SDSS points measured from the early data release
sample are difficult to interpret because of their extremely
broad window functions. Only the SDSS, APM and angu-
lar SDSS points can be interpreted as measuring the large-
scale matter power spectrum with constant bias, since the
others have not been corrected for the red-tilting effect
of luminosity-dependent bias. The Percival et al. (2001)
2dFGRS analysis unfortunately cannot be directly plotted
in the figure because of its complicated window functions.

Figure 36 is the same as Figure 35, but restricted to a
comparison of decorrelated power spectra, those for SDSS,
2dFGRS and PSCz. Because the power spectra are decor-
related, it is fair to do “chi-by-eye” when examining this
Figure. The similarity in the bumps and wiggles between

Fig. 35.— Comparison with other galaxy power spectrum measure-
ments. Numerous caveats must be borne in mind when interpreting
this figure. Our SDSS power spectrum measurements are those from
Figure 22, corrected for the red-tilting effect of luminosity dependent
bias. The purely angular analyses of the APM survey (Efstathiou
& Moody 2001) and the SDSS (the points are from Tegmark et al.
2002 for galaxies in the magnitude range 21 < r∗ < 22 — see also
Dodelson et al. 2002) should also be free of this effect, but rep-
resent different mixtures of luminosities. The 2dFGRS points are
from the analysis of HTX02, and like the PSCz points (HTP00) and
the UZC points (THX02) have not been corrected for this effect,
whereas the Percival et al. 2dFGRS analysis should be unafflicted
by such red-tilting. The influential PD94 points (Table 1 from Pea-
cock & Dodds 1994), summarizing the state-of-the-art a decade ago,
are shown assuming IRAS bias of unity and the then fashionable
density parameter Ωm = 1.

Fig. 36.— Same as Figure 35, but restricted to a comparison
of decorrelated power spectra, those for SDSS, 2dFGRS and PSCz.
The similarity in the bumps and wiggles between the three power
spectra is intriguing.

Fig. 37.— Comparison of our results with other P (k) constraints.
The location of CMB, cluster, lensing and Lyα forest points in this
plane depends on the cosmic matter budget (and, for the CMB,
on the reionization optical depth τ), so requiring consistency with
SDSS constrains these cosmological parameters without assumptions
about the primordial power spectrum. This figure is for the case of a
“vanilla” flat scalar scale-invariant model with Ωm = 0.28, h = 0.72
and Ωb/Ωm = 0.16, τ = 0.17 (Spergel et al. 2003; Verde et al. 2003,
Tegmark et al. 2003b), assuming b∗ = 0.92 for the SDSS galaxies.

Tegmark et al. 03
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WiggleZ, SDSS
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FIG. 2: Theoretical errors for the linear theory and one-loop
power spectrum (see Eq. (42)) as a function of k. The cosmic
variance is plotted for the redshift bin 1 < z < 2. Three solid
lines are relative suppression of the power spectrum for three
di↵erent M⌫ .

case of the power spectrum

Eb(k1, k2, k3, z) = B
tree(k1, k2, k3, z)

⇥ 3b3
1

✓
D+(z)

D+(0)

◆2l
(
(k̂t/3/0.31)1.8 l = 1 ,

(k̂t/3/0.23)3.3 l = 2 ,

(43)

where k̂t = (k1 + k2 + k3)/hMpc�1. This is just an ap-
proximation which certainly does not capture the full
shape of higher loop corrections. However, it provides
a good estimate for the error. We checked it against ex-
plicit one-loop calculation of [25] and an estimate of the
two-loop bispectrum from the N -body simulations in the
same study. As an additional check we compared our
error estimate in the squeezed configuration with the ap-
proximate equations for the squeezed limit bispectrum
[28, 29] and found a good agreement.

Parameters and priors.— To summarize, in our joint
analysis we use the following set of parameters

p = {fNL,M⌫ , A,Rp, Rb, b1, b2, bG2 , b�3} . (44)

In most of our forecasts, unless otherwise specified, we
use the following fiducial values

p0 = {0, 0.06 meV, 1, 1 h
�1Mpc, 1 h

�1Mpc,

2, 0.5, 0.1, 0.1} .
(45)

There are no priors on fNL and M⌫ . Priors for other

parameters are

�A = 0.02 , �b1 = 4 , �b2 = 2 ,

�Rp = �Rb = 1 h
�1Mpc , �bG2

= �b�3
= 1 .

(46)

For simplicity, we assume that a single galaxy sample
with specific bias parameters spans the whole range from
z = 0 to z = 5. We are aware that this is a unrealistic
scenario, but it is in line with our general approach for
giving lower bounds on the errors of primordial NG. In-
creasing the number of free parameters can only degrade
the constraints. For neutrino mass only the relatively low
redshifts (z < 2) are relevant where the results should be
more robust.
We are also going to use di↵erent values of shot noise.

We will always set sp(z) = sb,2(z) = 1/n(z) and sb,1(z) =
1/n2(z) with priors of 10% in both cases. Here n(z) is
the number density of galaxies at redshift z. In reality,
the redshift dependence should account both for the fact
that distant galaxies are dimmer and that they evolve
in time. Therefore, it is a function both of the survey
properties, selection criteria, formation history and evo-
lution of di↵erent types of galaxies or other tracers. To
roughly get an idea how this redshift dependence a↵ect
the results, we will use a simple power law

n(z) = n0(1 + z)↵ , (47)

with di↵erent values of ↵. For the number density at
redshift zero n0, we use a range of values of n0 = (10�2

�

10�3) h3Mpc�3.
In a couple of examples we will make forecast without

the theoretical errors. In these cases it is important to
specify what is kmax that is used. Our choice is

kmax(z) = 0.2 hMpc�1

✓
D+(z)

D+(0)

◆�4/3

. (48)

This coincides with the usual choice of kmax =
0.2 hMpc�1 at redshift zero as the scale where the per-
turbation theory breaks down. The time dependence is
chosen to mach the evolution of the nonlinear scale for a
scaling universe with n = �1.5.
For forecasts which include the theoretical error, kmax

is automatically determined as the point at which the
signal stops to grow. In order to avoid checking this
condition at each step, we will always use kmax given by
Eq. (48). We have checked that in all our examples the
signal saturates below kmax = 0.2 hMpc�1.
For all our forecasts we use a sky fraction of fsky = 0.5.

III. RESULTS

In this section we apply the method described above to
see how much the theoretical error degrades the con-
straints and what are the realistic values of the sum of
neutrino mass and primordial NG that one can hope to
get from future surveys.
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Precision matters: e.g. for massive neutrinos
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Non-relativistic and small: �
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Fluid-like description
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One ‘solves’ the small distances and keeps the large ones

L

EFT: encapsulate these effects in operators of L modes

Pietroni et al 11, Carrasco et al 12

Full treatment? (Kinetic)Effective descr. (large distances)
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NLO: Standard Perturbation Theory

v̇iL +HviL + vjL@jv
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We focus in the simplest ‘perfect-fluid’ case
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SPT: bad convergence
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EFTofLSS: results for PS
Foreman et al 15

Based on matching all effects to simulations

linear theory
2-loop SPT
1-loop EFT
2-loop EFT
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Figure 2: The two-loop EFTofLSS prediction for the z = 0 power spectrum, when one includes only

one counterterm (associated with the speed of sound c2s(1)), along with various other theory predictions.

The EFT curves use a value of c2s(1) ' 0.53
�
kNL/(2hMpc�1 )

�2
. We can see that the theory performs

better and better as higher order contributions are included. The blue shading represents the variation

of the result if we perform the fit to determine c2s(1) up to 0.75kfit and choose the two values 1� away

from the central value, where kfit is the wavenumber beyond which c2s(1) begins to deviate from the value

determined at lower k. The kreach of the EFT at two loops is about kreach ' 0.15hMpc�1 , where the

cosmic variance is about 0.4%, even though there is large theoretical uncertainty. The kreach is smaller

than what was previously presented in [4], where the errorbars were taken to be 3%, because of the much

higher precision of the available numerical data and of a choice of a lower kren.

the one-loop EFT fails at one-percent level, as it lacks P (finite)
2-loop ; furthermore, we have checked that as

soon as we relevantly change the value of c2s(2), the ratio deviates from one at a much lower k. Finally,

we find that the ratio shows the same behavior whether we use the UV-improved version of P2-loop or

not; in the former case, we find c2s(2) of order 0.02
�
kNL/(2hMpc�1 )

�2
, while in the latter case we find

c2s(2) ⇠ �2
�
kNL/(2hMpc�1 )

�2
. The di↵erence between these two values is the contribution to c2s(2) that

is removed by the UV-improved procedure. For the rest of this work, we will use the UV-improved version

of P2-loop, P
(UV-improved)
2-loop , and choose c2s(2) = 0. This procedure can be thought of as choosing kren ' kmin,

and we will take kmin ' 5⇥ 10�4 hMpc�1 , which is much lower than the lowest wavenumber we will use

in our comparison between theory and data.

3.2 Comparison to data at z = 0

Before re-examining the self-consistency of the two-loop prediction in Eq. (4), we will first compare it to

the matter power spectrum measured from the Dark Sky simulation at redshift z = 0, in order to enable

an easier comparison with previous results. From Fig. 2, we can see that the UV reach increases as each

set of higher-order terms is added: the linear prediction fails at kreach ' 0.035hMpc�1 by ⇠ 1.4%, at

one loop at kreach ' 0.08hMpc�1 by ⇠ 0.5%, and at two loops at kreach ' 0.15hMpc�1 by ⇠ 0.4%. In

contrast, we see that there is no relevant improvement between linear theory and two-loop SPT (and all

analytic techniques prior the EFTofLSS such as RPT and RegPT, which di↵er from SPT only for the

10

Baldauf et al 15

z = 0

i) Can these coefficients be predicted?

Open questions: 
DB,  Garny,  Konstandin 13

DB,  Floerchinger, Garny,  Tetradis, Wiedemann 15

ii) What about other n-point observables?

going beyond PT (resummation, muti-streaming…)
using other closure-schemes



Calculate the BAO scale 

!  Time between big bang and last scattering = 380,000yr 

!  Speed of sound wave = 0.58c 

!  1 pc = 3.1x1016 m 

!  1 yr = 3.56x107 s 

!  c = 3x108 ms-1 

d? ?=?cs?t?
?=?0.58?x?3x108?ms91??x?380,000?yr?x?conversion?factors?
?=?74?Mpc?

At large scales: BAO peak

BAO origin: a preferred distance for clustering 

From T. Davis, Tonale Lectures 11



BAO: N-body vs PT
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to the bulk motions, ⇠̃g has a broader peak with ⌃2

⇤
given

by

⌃2

⇤
⇡

1

6⇡2

Z
⇤

0

dqPlin(q)[1�j0(q`BAO)+2j2(q`BAO)], (15)

where jn is the nth order spherical Bessel function.
It is easy to perturbatively confirm the above result

when ⇠g is taken to be the dark matter correlation: The
leading contribution of the long wavelength modes to the
one-loop power spectrum of the peak reads5

Pw
1�loop

(k > ⇤) =
1

2

Z
⇤ d3q

(2⇡)3
(q · k)2

q4
Plin(q)

[Pw
lin
(|k + q|) + Pw

lin
(|k � q|)� 2Pw

lin
(k)] .

(17)

For q ⌧ k the expression in the square brackets simplifies
to �4Pw

lin
(k) sin2(q · k̂`BAO/2), giving

Pw
1�loop

(k > ⇤) = ⌃2

⇤
k2Pw

lin
(k), (18)

and taking the Fourier transform with respect to k re-
produces (14).

Note that for any k, our approximation is valid for all
q ⌧ k while the above expressions are based on a rigid
separation of scales above and below ⇤. Of course, in
reality Pw

g (k) has support in a large range of momenta,

roughly (0.05�1) hMpc�1. Even if a q-mode falls in this
range, it is still true that its leading e↵ect on higher k
modes is the mere bulk motion. Therefore, it contributes
to the peak power through ⇠g,L, and at the same time,
broadens it by dispersing the shorter modes. A better
estimate of the width can be obtained by including for
each k the broadening e↵ect of all smaller q modes, i.e.
by taking ⇤ to increase with k. Below, we will implement
this idea by taking ⇤ = ✏k, with ✏ ⌧ 1.

Taking ✏ = 1/2, the above expression (18) predicts an
e↵ective broadening of ⌃✏k⇤ ⇡ 5.5h�1Mpc, where k⇤ is
defined by ⌃✏k⇤k⇤ = 1. This turns out to be a sizable
fraction of the actual width of the observed matter cor-
relation function. We compare the theoretical prediction
with the result of an N -body simulation6 in fig. 3. It is

5 The full one-loop power spectrum is given by
Z

d3q

(2⇡)3
[6F3(q,�q,k)Plin(k)+2F 2

2 (q,k�q)Plin(|k�q|)]Plin(q) .

(16)
For q ⌧ k it reduces to (17). Incidentally, this coincides with

1

2

Z

q⌧k

d3q

(2⇡)3
P�1

lin
(q) h�q��q�k��ki ,

as expected from the remark after (13).
6 We are measuring power spectra and correlation functions in a
suite of 16 dark matter only simulations, each of which captures
the evolution of 10243 particles in a box of 15003 h�3Mpc3. The
matter density parameter is ⌦m = 0.272, the tilt ns = 0.967 and
the normalization �8 = 0.81. The leading cosmic variance has
been divided out, such that the error bars reflect the sub-leading
cosmic variance.
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FIG. 3. The acoustic peak in the matter correlation function
in linear theory (solid), 1-loop perturbation theory (dashed),
and simulation.

seen that the perturbative treatment has completely de-
formed the shape of the peak. A more accurate descrip-
tion should, therefore, treat the relative motions non-
perturbatively.

Infra-red resummation.— We can obtain a formula
which is valid to all orders in the relative displacement
�q/q, by rewriting (2) as (see e.g. [8])

D
�g(

x

2
, t)�g(�

x

2
, t)

E

�L
'

Z
d3k

(2⇡)3
eik·x

exp
h
2i�q(t) sin

⇣q · x

2

⌘q · k

q2

i
h�g(k, t)�g(�k, t)i .

(19)

As before, this is only relevant in the presence of a fea-
ture. Taking the expectation value over the realizations
of the q modes, approximating them, as we did so far, as
being Gaussian, and using hexp(i')i = exp(�

⌦
'2

↵
/2)

for Gaussian variables, we obtain our final expression
for the dressed two-point correlation function around
r ⇡ `BAO

⇠̃g(x) '

Z
d3k

(2⇡)3
eik·xe�⌃

2

✏kk
2

h�g(k, t)�g(�k, t)i✏ . (20)

To write the exponent in the above form, we have used
the fact that r2

⇡ @2
r [and therefore k2 ⇡ (x̂ · k)2] up to

corrections of order �/`BAO. In principle, the exponen-
tial factor should only multiply the peak power Pw

g (k),
though in practice the smooth background at r ⇡ `BAO is
insensitive to the presence of this factor since ⌃ ⌧ `BAO.
The subscript ✏ on the momentum space expectation

1504.04366

from Baldauf et al. 15

linear
N-body

PT 1-loop

h�(x)�(x+ r)i = ⇠(r)



What’s going on?

1202.0090

A 2% Distance to z = 0.35 : Methods and Data 3

Figure 1. A pictoral explanation of how density-field reconstruction can improve the acoustic scale measurement. In each panel, we
show a thin slice of a simulated cosmological density field. (top left) In the early universe, the initial densities are very smooth. We mark
the acoustic feature with a ring of 150 Mpc radius from the central points. A Gaussian with the same rms width as the radial distribution
of the black points from the centroid of the blue points is shown in the inset. (top right) We evolve the particles to the present day, here
by the Zel’dovich approximation (Zel’dovich 1970). The red circle shows the initial radius of the ring, centered on the current centroid of
the blue points. The large-scale velocity field has caused the black points to spread out; this causes the acoustic feature to be broader.
The inset shows the current rms radius of the black points relative to the centroid of the blue points (solid line) compared to the initial
rms (dashed line). (bottom left) As before, but overplotted with the Lagrangian displacement field, smoothed by a 10h�1 Mpc Gaussian
filter. The concept of reconstruction is to estimate this displacement field from the final density field and then move the particles back
to their initial positions. (bottom right) We displace the present-day position of the particles by the opposite of the displacement field
in the previous panel. Because of the smoothing of the displacement field, the result is not uniform. However, the acoustic ring has
been moved substantially closer to the red circle. The inset shows that the new rms radius of the black points (solid), compared to the
initial width (long-dashed) and the uncorrected present-day width (short-dashed). The narrower peak will make it easier to measure the
acoustic scale. Note that the algorithm applied to the data is more complex than was just described, but this figure illustrates the basic
opportunity of reconstruction.

steps of this algorithm below and discuss details specific to
our implementation in subsequent subsections.

(i) Estimate the unreconstructed power spectrum P (k) or
correlation function ⇠(r).

(ii) Estimate the galaxy bias b and the linear growth rate,
f ⌘ d lnD/d ln a ⇠⌦0.55

M (Carroll et al. 1992; Linder 2005),
where D(a) is the linear growth function as a function of
scale factor a and ⌦M is the matter density relative to the
critical density.

(iii) Embed the survey into a larger volume, chosen such
that the boundaries of this larger volume are su�ciently
separated from the survey.

(iv) Gaussian smooth the density field.
(v) Generate a constrained Gaussian realization that

matches the observed density and interpolates over masked
and unobserved regions (§2.3).

(vi) Estimate the displacement field  within the
Zel’dovich approximation (§2.4).

(vii) Shift the galaxies by � . Since linear redshift-
space distortions arise from the same velocity field, we shift
the galaxies by an additional �f( · ŝ)ŝ (where ŝ is the
radial direction). In the limit of linear theory (i.e. large
scales), this term exactly removes redshift-space distortions
(Kaiser 1987; Hamilton 1998; Scoccimarro 2004). Denote
these points by D.

(viii) Construct a sample of points randomly distributed
according to the angular and radial selection function and
shift them by � . Note that we do not correct these for
redshift-space distortions. Denote these points by S.
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rBAO

The degradation of the BAO peak is due to large scale flows

One can try to ‘substract’ the bulk motion to 
reconstruct the original peak 

*This can be done
directly in data. 

Reverse engineering



Ps(k) = P0(k) +
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are all this the same? (and small)
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P0 = Pwiggles + Psmooth
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Influence of bulk flow in SPT
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Pw ⇠ sin[k/kBAO]

P0 = Pwiggles + Psmooth

P 0
s ⇠ Ps/k P 0

w
⇠ cos[k/kBAO]/kBAO

For      one of the terms is more important !Pw

What are the effects? 

k/kBAO ⇠ 10

rescaling (small) shift of peak
smearing?

sin[k/kBAO]�#k cos[k/kBAO] ⇡ sin[k/kBAO(1 + #)]

changes the shape

Influence of bulk flow in SPT



Working in terms of n-point functions

h�k(t)�k0(t)i = 2⇡2�(3)(k + k0)P (k, t)

Distribution function evolution (TSPT)
Z[J, t] =

Z
[D�]P[�, t]e

R
[dk]Jk��k

P(�, t0)

e.g. Gaussian i.c.
P(�, t)

Fokker-Planck eq.

P(�, t0) =
e�

1
2

R
[dk]

�k��k
P (k,t0)

N

h�k0(t)�k(t)i =
�2Z[J, t]

�J�k�J�k0

h�k(t)�k0(t)�k00(t)i = 2⇡2�(3)(k + k0 + k00)B(k, k0, t) , etc



�̇k(t) = Ik(�, t)

Time Sliced (p)Theory 

Time-sliced: we care about the statistical properties
of the distribution at each time 

d

dt
{[D�]P(�, t)} = 0

Liouville equation (one can easily add noise)

If

Ṗ(�, t) +

Z
[dk]

�

��k
(I(�, t)P(�, t)) = 0
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P(�, t) =
e�

P
n=2

1
n!

R
[dki]�n(t,kn)⇧�nkn

N

ansatz to solve 
perturbatively

around Gaussian
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Influence of bulk flow in SPT



rBAO

BAO: SPT vs TSPT

SPT: bulk flows have big effects for the
field variables but only ‘residual’ for the n-point functions*

The degradation of the BAO peak is due to large scale flows

TSPT: no ‘unphysical’ large effect; 

�n+m(k1, ..., kn, q1, ..., qm) = O(✏0)qn/km ⌘ ✏ ! 0

�(k) � k · q
q2

�0(q)�0(k) ⇠ 1/✏
technically:

SPT:

TSPT:



Resummation

None of these effects smears the peak!
smearing terms can be identified at all order in 
perturbations and resummed as an exponential!

#(k/kBAO)
2Pw

Z

q

PL(q) + ... = exp�#(k/kBAO)2
R
q
PL(q) Pw

this smears the peak!
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Comparison with N-body

see also Baldauf et al 15 
Crocce-Scoccimarro 05
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Conclusions

A large amount of information about the universe 
    (primordial state, constituents - neutrino masses) stored
    in statistical properties of the large-scale distribution

Future data of the distribution of matter at large scales   
will reach precision challenging for theory

For many scales, the fluid (+EFT/viscosity) description 
     is sound and one can get accurate results

N-body simulations may reach this precision (no 100% 
clear given the large volumes.)

IR resummations allow to get a good BAO



Trending topics

Neutrino masses (including the last developments)

Bispectrum/pNG

Non-perturbative methods (beyond fluid?)

Resummations (UV and IR)

Bias and RSD: implement developments in pipelines


