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Motivations

Planck Collaboration et al. (2015)

Planck Collaboration: Planck 2015 Results. Constraints on primordial NG

Fig. 4. Modal bispectrum reconstruction for Planck DR1 2013 (top left) and DR2 2015 (top right) temperature-only data, both using
the SMICA maps. Here, we restrict DR2 resolution to DR1 using similar polynomials with nmax = 601. The two bispectra are very
close to being in complete agreement in the signal-dominated regime shown up to `max = 1500. In the lower panel, we show the
Planck DR2 temperature bispectrum at high resolution using the full nmax = 2001 polynomial modes. Large-scale features in the top
panels become subdivided but the main DR1 signals remain, notably a stronger measurement of the ISW-lensing signal (the regular
oscillations in the squeezed limit).

minus’ feature clearly bisecting the main ` = 200 peak and the
first oscillation of the ISW-lensing bispectrum visible along the
lower tetrapyd edges. The WMAP-9 reconstruction only shows
significant di↵erences from Planck in the top right region where
the higher noise levels in WMAP-9 make its reconstruction less
reliable.

All four components of the temperature and polarization
bispectrum reconstruction obtained from SMICA are shown in
Fig. 6. A direct comparison of the EEE polarization bispectrum
for SEVEM, NILC and Commander is shown in Fig. 7, where we
note that these are orthogonalized E-mode contributions (see the
Modal2 discussion in Sect. 3). It is interesting to observe patterns
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Planck Collaboration: The Planck mission

Fig. 15. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz
(Planck Collaboration X 2015). The left and right columns show the Stokes Q and U parameters, respectively. Rows show, from top
to bottom: CMB; synchrotron polarization at 30 GHz; and thermal dust polarization at 353 GHz. The CMB map has been highpass-
filtered with a cosine-apodized filter between ` = 20 and 40, and the Galactic plane (defined by the 17 % CPM83 mask) has been
replaced with a constrained Gaussian realization (Planck Collaboration IX 2015).
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Fig. 16. Brightness temperature rms as a function of frequency and astrophysical component for temperature (left) and polarization
(right). For temperature, each component is smoothed to an angular resolution of 1� FWHM, and the lower and upper edges of each
line are defined by masks covering 81 and 93 % of the sky, respectively. For polarization, the corresponding smoothing scale is 400,
and the sky fractions are 73 and 93 %.

10. Planck 2015 cosmology results

Since their discovery, anisotropies in the CMB have contributed
significantly to defining our cosmological model and measuring
its key parameters. The standard model of cosmology is based
upon a spatially flat, expanding Universe whose dynamics are
governed by General Relativity and dominated by cold dark mat-
ter and a cosmological constant (⇤). The seeds of structure have
Gaussian statistics and form an almost scale-invariant spectrum
of adiabatic fluctuations. The 2015 Planck data remain in excel-

lent agreement with this paradigm, and continue to tighten the
constraints on deviations and reduce the uncertainty on the key
cosmological parameters.

The major methodological changes in the steps going
from sky maps to cosmological parameters are discussed
in Planck Collaboration XII (2015); Planck Collaboration XIII
(2015). These include the use of Planck polarization data in-
stead of WMAP, changes to the foreground masks to include
more sky and dramatically reduce the number of point source
“holes,” minor changes to the foreground models, improve-
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CMB obscured by astrophysical foregrounds at all frequencies 

Orders of magnitude worse for polarisation

Planck Collaboration et al. (2015)
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Planck Collaboration: The Planck mission

Fig. 14. Maximum posterior intensity maps derived from the joint analysis of Planck, WMAP, and 408 MHz observations
(Planck Collaboration X 2015). From left to right, top to bottom: CMB; synchrotron; free-free; spinning dust; thermal dust; line
emission around 90 GHz; CO J = 1! 0; CO J = 2! 1, and CO J = 3! 2.

Table 8. Summary of main CO product characteristics.

Noise rms [KRJ km s�1] Analysis details
Resolution

Map Algorithm CO line [arcmin] 150 FWHM 600 FWHM Frequencies [GHz] Model

Type 1 . . . . . MILCA J = 1! 0 9.6 1.4 0.34 100 (bol maps) CO, CMB
MILCA J = 2! 1 5.0 0.53 0.16 217 (bol maps) CO, CMB, dust
MILCA J = 3! 2 4.8 0.55 0.18 353 (bol maps) CO, dust

Type 2 . . . . . MILCA J = 1! 0 15 0.39 0.085 70, 100, 143, 353 CO, CMB, dust, free-free
MILCA J = 2! 1 15 0.11 0.042 70, 143, 217, 353 CO, CMB, dust, free-free

Commander J = 1! 0 60 · · · 0.084 0.408–857 Full
Commander J = 2! 1 60 · · · 0.037 0.408–857 Full
Commander J = 3! 2 60 · · · 0.060 0.408–857 Full

Type 3 . . . . . Commander J = 2! 1a 7.5 0.090 0.031 143–857 CO, CMB, dust

Commander-Ruler J = 1! 0b,c 5.5 0.19 0.082 30–353 CO, CMB, dust, low-freq
a Formally a weighted average of CO J = 2! 1 and J = 3! 2, but strongly dominated by CO J = 2! 1.
b Formally a weighted average of CO J = 1! 0, J = 2! 1 and J = 3! 2, but strongly dominated by CO J = 1! 0.
c Only published in 2013.

y-map is consistent with tSZ emission even for low S/N regions.
Using foreground models derived in Planck Collaboration XXIII
(2015) we are able to measure the tSZ angular power spectrum
over 50 % of the sky. We conclude that the y-map is dominated
by tSZ signal in the multipole range, 20 < ` < 800. Similar re-
sults are obtained from a high-order statistic analysis. The recon-
structed y-map is delivered as part of the Planck 2015 release.

We also deliver a foreground mask (with known point sources
and regions with strong contamination from Galactic emission
masked out), a noise variance map, the estimated power spec-
trum, and the weights for the NILC algorithm.

22

Polarised foregrounds 
even more complex

Planck Collaboration: The Planck mission

Fig. 15. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz
(Planck Collaboration X 2015). The left and right columns show the Stokes Q and U parameters, respectively. Rows show, from top
to bottom: CMB; synchrotron polarization at 30 GHz; and thermal dust polarization at 353 GHz. The CMB map has been highpass-
filtered with a cosine-apodized filter between ` = 20 and 40, and the Galactic plane (defined by the 17 % CPM83 mask) has been
replaced with a constrained Gaussian realization (Planck Collaboration IX 2015).
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Fig. 16. Brightness temperature rms as a function of frequency and astrophysical component for temperature (left) and polarization
(right). For temperature, each component is smoothed to an angular resolution of 1� FWHM, and the lower and upper edges of each
line are defined by masks covering 81 and 93 % of the sky, respectively. For polarization, the corresponding smoothing scale is 400,
and the sky fractions are 73 and 93 %.

10. Planck 2015 cosmology results

Since their discovery, anisotropies in the CMB have contributed
significantly to defining our cosmological model and measuring
its key parameters. The standard model of cosmology is based
upon a spatially flat, expanding Universe whose dynamics are
governed by General Relativity and dominated by cold dark mat-
ter and a cosmological constant (⇤). The seeds of structure have
Gaussian statistics and form an almost scale-invariant spectrum
of adiabatic fluctuations. The 2015 Planck data remain in excel-

lent agreement with this paradigm, and continue to tighten the
constraints on deviations and reduce the uncertainty on the key
cosmological parameters.

The major methodological changes in the steps going
from sky maps to cosmological parameters are discussed
in Planck Collaboration XII (2015); Planck Collaboration XIII
(2015). These include the use of Planck polarization data in-
stead of WMAP, changes to the foreground masks to include
more sky and dramatically reduce the number of point source
“holes,” minor changes to the foreground models, improve-
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FG comp sep needs to simultaneously make use of info that’s:

spectral

spatial

harmonic

Starting to also make use of info that’s:

morphological

SILC extends component separation in this direction

Challenges of Component Separation



Planck
C

ollaboration:The
Planck

m
ission

Fig. 9. The nine Planck frequency maps show the broad frequency response of the individual channels. The color scale, based on inversion of the function y = 10x � 10�x, is
tailored to show the full dynamic range of the maps.
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Internal Linear Combination: Schematic

Planck Collaboration et al. (2014)



Data model

Internal Linear Combination: Details

ILC is constrained linear sum

Constraint conserves CMB

ILC minimises output variance
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Developing Localisation of ILC Weights
13

FIG. 15: The left panel shows the quadrupole (top), octopole (middle) and hexadecapole (bottom) components of our cleaned all-sky
CMB map from Figure 1 on a common temperature scale. Note that not only is the quadrupole power low, but both it and the octopole
have almost all their power perpendicular to a common axis in space, as if some process has suppressed large-scale power in the direction
of this axis. We computed the corresponding images for the WMAP team ILC map as well, and found them to be very similar. The
right panel shows he cosmic quadrupole (top) after a correcting for a crude estimate of the dynamic quadrupole (middle) from our motion
relative to the CMB rest frame. The bottom right map shows the sum of the quadrupole and octopole maps from the left panel.

filtered the resulting maps to produce spatial plots of the
quadrupole, octopole and hexadacapole. We found that
zeroing out the dirtiest parts of the Galactic plane had a
negligible effect on both the power spectrum and on the
spatial structure of these lowest multipoles. Specifically,
we could zero out all but the three cleanest regions Fig-
ure 8 (everything with T > 1mK) without the quadrupole
or octopole changing substantially. The spatial morphol-
ogy of the quadrupole, octopole and hexadecapole for the
all-sky analysis agrees well between our map and the ILC
map, again showing insensitivity to galaxy modeling de-
tails (in particular, the ILC map is likely to have less
contamination in the Galactic plane due to more subdi-
visions there).

Although more detailed foreground modeling would be
needed to rigorously quantify the foreground contribu-

tion to low multipoles, let us, encouraged by the above-
mentioned tests, tentatively assume that this contribu-
tion is unimportant and perform an all-sky analysis of
our cleaned map. The resulting power spectrum is shown
in Figure 13, which is simply a blow-up of the leftmost
part of the previous figure, and the corresponding angu-
lar correlation function is shown in Figure 14.

Table 1 summarizes the quadrupole and octopole re-
sults. We see that although the quadrupole is still low,
it is not quite as low as that from the cut-sky WMAP
team analysis of [6]. Moreover, our map has a quadrupole
virtually identical to the WMAP team ILC map despite
the differences in foreground modeling, further support-
ing our hypothesis that the quadrupole is not strongly
affected by foregrounds. The second column in Table 1
shows the probability of the quadrupole in our Hubble

Spatial
WMAP Collab. (2003)

Harmonic
Tegmark et al. (2003)

NILC



Axisymmetric Wavelets

Wavelets: localised in both real & harmonic space

Wiaux et al. (2009)
Leistedt et al. (2012)

Spatial localisation Harmonic localisation
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Directional Wavelets

Wavelets: localised in real, harmonic & “directional” space

Spatial localisation Harmonic localisation
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Figure 2. Parametric plots of scale-discretized wavelets on the sphere (L = 128, N = 3, J = 5, ↵ = 2).

3.1 Discretization and quadrature

The Driscoll and Healy sampling theorem24,25 is adopted in S2DW, with the corresponding cubature points:
✓t = ⇡(2t+ 1)/(4L), for t = 0, . . . , 2L� 1, and 'p = 2⇡p/(2L� 1), for p = 0, . . . , 2L� 2, giving 4L2 samples on
the sphere. The Driscoll and Healy sampling theorem can be distilled into the following quadrature rule for the
exact integration over colatitude ✓ of a function f band-limited at 2L or below:

Z ⇡

0

d✓ sin ✓ f(✓, ·) =
2L�1X

t=0

q(✓t)f(✓t, ·) , (17)

where the quadrature weights are given by24–26

q(✓t) =
2

L
sin ✓t

L�1X

k=0

sin((2k + 1)✓t)

2k + 1
. (18)

We will also make use of exact quadrature for the following integration over longitude ', for a function f
band-limited at L: Z 2⇡

0

d' exp(�im') f(·,') = 2⇡

2L� 1

2L�2X

p=0

exp(�im'p)f(·,'p) , (19)

which follows from the continuous and discrete orthogonality of the complex exponentials.

We have so far considered the discretization of functions defined on the sphere S2; however, the wavelet
coe�cients themselves are defined on the rotation group SO(3) (due to the directional nature of the wavelet

6



Input CMB map

-300 300µK

Scale 1, direction 1 Scale 1, direction 2 Scale 1, direction 3

Scale 2, direction 1 Scale 2, direction 2 Scale 2, direction 3

Scale 3, direction 1 Scale 3, direction 2 Scale 3, direction 3

Scale 4, direction 1 Scale 4, direction 2 Scale 4, direction 3

Scale 1, direction 1 Scale 1, direction 2 Scale 1, direction 3

Scale 2, direction 1 Scale 2, direction 2 Scale 2, direction 3

Scale 3, direction 1 Scale 3, direction 2 Scale 3, direction 3

Scale 4, direction 1 Scale 4, direction 2 Scale 4, direction 3

Directional Wavelet Convolution

Bond & Efstathiou (1987) - CMB spots 
anisotropic

Directional localisation



Developing Localisation of ILC Weights
13

FIG. 15: The left panel shows the quadrupole (top), octopole (middle) and hexadecapole (bottom) components of our cleaned all-sky
CMB map from Figure 1 on a common temperature scale. Note that not only is the quadrupole power low, but both it and the octopole
have almost all their power perpendicular to a common axis in space, as if some process has suppressed large-scale power in the direction
of this axis. We computed the corresponding images for the WMAP team ILC map as well, and found them to be very similar. The
right panel shows he cosmic quadrupole (top) after a correcting for a crude estimate of the dynamic quadrupole (middle) from our motion
relative to the CMB rest frame. The bottom right map shows the sum of the quadrupole and octopole maps from the left panel.

filtered the resulting maps to produce spatial plots of the
quadrupole, octopole and hexadacapole. We found that
zeroing out the dirtiest parts of the Galactic plane had a
negligible effect on both the power spectrum and on the
spatial structure of these lowest multipoles. Specifically,
we could zero out all but the three cleanest regions Fig-
ure 8 (everything with T > 1mK) without the quadrupole
or octopole changing substantially. The spatial morphol-
ogy of the quadrupole, octopole and hexadecapole for the
all-sky analysis agrees well between our map and the ILC
map, again showing insensitivity to galaxy modeling de-
tails (in particular, the ILC map is likely to have less
contamination in the Galactic plane due to more subdi-
visions there).

Although more detailed foreground modeling would be
needed to rigorously quantify the foreground contribu-

tion to low multipoles, let us, encouraged by the above-
mentioned tests, tentatively assume that this contribu-
tion is unimportant and perform an all-sky analysis of
our cleaned map. The resulting power spectrum is shown
in Figure 13, which is simply a blow-up of the leftmost
part of the previous figure, and the corresponding angu-
lar correlation function is shown in Figure 14.

Table 1 summarizes the quadrupole and octopole re-
sults. We see that although the quadrupole is still low,
it is not quite as low as that from the cut-sky WMAP
team analysis of [6]. Moreover, our map has a quadrupole
virtually identical to the WMAP team ILC map despite
the differences in foreground modeling, further support-
ing our hypothesis that the quadrupole is not strongly
affected by foregrounds. The second column in Table 1
shows the probability of the quadrupole in our Hubble
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Figure 1: Needlet filter h 2 C5(R+) Figure 2: An order-6 needlet with a C5-needlet filter

1  j  , at t = 1 are zero. Then it can be shown that

h(t) :=

8
>>><

>>>:

p(t� 1), 1  t  2,
p
1� [p(2t� 1)]2, 1/2  t  1,

0, elsewhere

is a filter h satisfying (5). This section uses  = 5, where the coe�cients in (44) are: a6 = 924,

a7 = �4752, a8 = 10395, a9 = �12320, a10 = 8316, a11 = �3024, a12 = 462, giving the filter h

illustrated in Figure 1.

Figure 2 shows an order-6 needlet with the filter given in Figure 1. We see that it is very localized.

Quadrature rules. We use symmetric spherical designs for integration on S2, as recently developed

by Womersley [44], for both the needlet quadrature rule and the discretization quadrature rule. Let t

be a non-negative integer. A symmetric (if xi is a node so is �xi) spherical t-design is a quadrature

rule with equal weights and exact for all polynomials of degree at most t. In these experiments the

t-designs have 2
j
t2+t+4

4

k
⇡ t2/2 nodes so are more e�cient than t-designs using (t + 1)2 (which is

the dimension of the polynomial space Pt(S2)) points, see for example [1]. The symmetric spherical

designs also have good geometric properties [44], which will benefit localized needlet approximations

(see Section 5.3 below), compared with other quadrature rules such as [15] on S2.
Cost of algorithm. Using a symmetric spherical t-design, a needlet quadrature rule for level j has

Nj ⇡ 22j+1 nodes, giving a total of
PJ

j=0Nj ⇡ 8
3⇥22J nodes for all J levels as the symmetric spherical

t-designs are not nested. Similarly, a discretization quadrature rule exact up to degree 3 ⇥ 2J�1 � 1

has N ⇡ 9
8 ⇥ 22J nodes. Thus the analysis step to evaluate the needlet coe�cients requires 8

3 ⇥ 22JN

evaluations of f . The synthesis step only involves a weighted sum of the needlets evaluated at M

(possibly very large) points. At high levels the number of needlets is large, for example when J = 6,

L = 64, NJ = 8130 and N = 4562.

5.2. Needlet approximation for the entire sphere

This section illustrates the discrete needlet approximation of a function f that is a linear combi-

nation of scaled Wendland radial basis functions on S2, see [43]. The advantage of this choice is that

the Wendland functions have varying smoothness, and belong to known Sobolev spaces.
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NILC: Delabrouille et al. (2009)
SILC: Rogers et al. (2016)
Wang et al. (2015)



“Axisymmetric” limit of SILC (N = 1)
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wavelet scale



Spin-SILC: Extension to Polarisation
Spin-SILC will be extension of SILC to spin, directional wavelets

Component separation of Q/U or E/B modes of CMB polarisation

Polarised FG complex & filamentary

Wiaux et al. (2009)
McEwen et al. (2013)



Conclusions

SILC newly makes use of morphology of CMB and foregrounds

Testing on Planck data & sims shows match to current methods

Amount of directionality could vary with wavelet scale

SILC can be extended to analyse CMB polarisation data


